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In many papers of O’Riordan and Shishkin the authors underline the importance of
numerical approximations for singularly perturbed elliptic problems which are free of spu-
rious oscillations. Therefore they prefer (difference) methods where the associated system
matrix is a monotone matrix, and they use, exclusively, the special class of M-matrices,
which are monotone. But what about elliptic problems with mixed derivatives?
Not much is known concerning finite difference methods for singularly perturbed elliptic
problems with mixed derivatives on layer-adapted meshes, in [4] and [5] is also nothing to
find. It is well-known that on isotropic meshes one can generate an M-matrix (see, for
instance, Theorem 10.1 in [3]). That means, that a condition of the type
C1 ≤
hx
hy
≤ C2
is sufficient to generate an M-matrix. But layer-adapted meshes are highly anisotropic. In
[2] the authors state that a monotone scheme imposes a condition on the mesh ratio, but
this is not proved so far. In [1] the authors avoid to discuss this question: they use simple
an inconsistent approximation which approximates the mixed derivative only on the fine,
isotropic part of a Shishkin mesh. The assumption ε ≤ N−1 then allows nevertheless to
prove an error estimate.
In this paper we present an example which shows that a consistent first order scheme
for an elliptic problem with mixed derivatives on a highly anisotropic mesh cannot generate
an M-matrix.
Consider the elliptic operator
Lu := uxx + uxy + uyy
on the rectangle (x0 −H, x0 +H)× (y0− h, y0 + h) and the nine-point difference operator
LH,hu := αu(x0, y0) + β1u(x0 −H, y0) + β2u(x0 +H, y0) + β3u(x0, y0 − h) + β4u(x0, y0 + h)
+ β5u(x0 −H, y0 − h) + β6u(x0 +H, y0 − h) + β7u(x0 −H, y0 + h) + β8u(x0 +H, y0 + h).
1
Taylor expansion yields the first order consistency conditions
(2) α +
∑
βi = 0
(3) β2 − β1 + β6 + β8 − (β5 + β7) = 0
(4) β4 − β3 + β7 + β8 − (β5 + β6) = 0
(5)
H2
2
(β1 + β2 + β5 + β6 + β7 + β8) = 1
(6)
h2
2
(β3 + β4 + β5 + β6 + β7 + β8) = 1
and
(7) hH(β5 − β7 + β8 − β6) = 1.
Fixing β2, β3, β4, the parameter β1 is given by
H2(β1 + β2) = h
2(β3 + β4),
and it is easy to show that the remaining parameters are uniquely determined.
The question is: Can one choose the parameters in such a way that βi ≥ 0 for all i ?
In the isotropic case this is possible, for instance, for h = H one gets with the choice
β2 = β3 = β4 =
1
2h2
the result β1 = β5 = β7 =
1
2h2
, moreover β6 = β8 = 0 and α = −
3
2h2
.
The corresponding matrix is the negative of an M-matrix.
Now let us assume that (3)–(7) do have a solution with βi ≥ 0 for all i in the case
h << H .
From (5) we obtain 0 ≤ βi ≤
2
H2
for i = 1, 2, 5, 6, 7, 8. Consequently, (4) implies
(8) β4 − β3 = O(
1
H2
).
The equations (4) and (7) yield a system for B := β6 − β8 and D := β5 − β7:
(9) B +D = β4 − β3, −B +D =
1
hH
.
Thus we get B = − 1
2hH
+ 1
2
(β4 − β3), respectively
(10) β6 = −
1
2hH
+ β8 +
1
2
(β4 − β3).
Because β8 and β4 − β3 are of order O(
1
H2
), they cannot compensate the large negative
term − 1
2hH
if h is sufficiently small in comparison to a given H . Consequently, β6 cannot
be nonnegative for anisotropic meshes where H/h is sufficiently large, and this is the case
for Shishkin meshes and other types of layer-adapted meshes.
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